A Reproduced Copy

OF

- Reproduced for NASA
by the
NASA Sscientific_and Technical Information Facility

p » ) 2

o
-
= G SION MB 2 {THRUY
-3
: ) A
o It 6‘ OA/E
a3 {PAGES) {CODE)
oy
: R
N -

{NASA CR OR TMX OR AD NUMBER) {CATEGORY)

FFNo 672 Aug 65



GOODYEAR AEROSPACE

CORPORATION

ARIZONA DIVISION
LITCHFIELD PARK, ARIZONA

November 22, 1965 GERA-1085

THE DYNAMICS OF THE SEMICIRCULAR CANALS
Fernand Belanger

L]

A LA VLALMD Y UELICE NP 11V ISINN

with
SUMMARY AND INTRODUCTION

by

Robert Mayne
Manager
Advanced Systems and Technologies Div.

This report is in partial compliance to a contract under the

National Aeronautics and Space Administration
Manned Spacecraft Center
Gemini Flight Support Procurement Section
Houston, Texas

Contract No. NAS9Y-4460



NS A CE o oS

GOODYEAR AEROSPACE

CORPORATION

ARIZONA DIVISION
LITCHFIELD PARK, ARIZONA

November 22, 1965 GERA-1085

THE DYNAMICS OF THE SEMICIRCULAR CANALS
Fernand Belanger

Flectronics Engineering Division

with

SUMMARY AND INTRODUCTION
by

Robert Mayne
Manager
Advanced Systems and Technologies Div.

This report is in partial compliance to a contract under the

National Aeronautics and Space Administration
Manned Spacecraft Center.
Gemini Flight Support Procurement Section
Houston, Texas

Contract No. NAS9-~-4460



GOODYEAR AEROSPACE

GERA-1085

SUMMARY

The paper investigates the theoretical response of the semicircular
canais as defined by the differential equation proposed by Steinhausen.16
Transfer functions are derived for the response to a steady-state sinu-
soidal input‘of displacement, velocity, and acceleration of the head.
The response to various forms of transient inputs are then investigated,
including sinusoidal, step, pulse, velocity and acceleration of the head.
Responses fo these various inputs were obtained by computer runs.

The curves plotted from these data should simplify greatly computa-

~ .

4immo A% weonAnGaE TR THA MORT COMMON DULS UL WULIUL UBVS by vapve s
menters. The study of the response to a pulse input of velocity whereby
the head is moved from one position to another led to unexpected resulis,
‘The cupula overshoots the neutral position as the head is stopped, and
the integrated velocity signal cdrresponds theoretically to a return of
the head to the original position. The report discusses possible com-

pensatory reactions to offset these erroneous sensory data.

—j-
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INTRODUCTION

By
Robert Mayne

The response of the semicircular canals to various forms of inputs is defined
by the differential equation propdsed originally by Steinhausen (1933). The
implications of this formulation have been studied by many investigators. Van
Egmond, et al (1949), 2 showed that the equation was identical to that of an
overdamped pendulum, and made a computation of the constants. Mayne12
(1950) showed by a frequency analysis that the canals measure velocity within
a given bandwidth of frequencies, a conclusion which has been supported by

Jones, et al. 10 Niven and Hixsbng’ 9,15

used Laplace transformation to show
close correlation between experimentally and theoretically determined phase
ehift nf nwataomne with reanact to steadv-state freauencv inputs., They
derived frequency response curves for steady-state acceleration inputs. A
previous reportl1 discussed the evidence regarding the value of the constants
in the differential equation and showed that these values have probably been
grossly underestimated by van Egmond, et ale¢ There does not appear to be
in the literature a systematic determination of the theoretical responses of
the semicircular canals to a wide variety of input motions. Mr. Belanger

attempts to fill this gap in the present report.

. The report was originally intended to serve as reference material and to
éssist‘in the computation of the responses to the most common types of
motion inputs used by experimenters. It brought out, however, a point of
consider.able theoretical interest. In an angular movement of the head from
one position to another, the velocity, starting from zero, must rise to a max-~
imum then decrease to beéome zero again at the new position. It happens,
however, that in an overdamped system as defined by Steinhausen's equation,
the cupula overshoots the neutral position when the head comes to rest, and
then executes a gradual exponential return to neutral, Mr. Belanger shows

that if the crista should issue signals proportional to cupula displacement

—-ij-
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and that these signals are interpreted as a measure of velocity, their inte-
gration would correspond to a return of the head to the original position if

the effects of threshold are neglected. The semicircular canal signals, by
themselves, would be unsuitable, therefore, to measure angular displace-

ment without compensatory reaction.

Mr. Belanger used Laplace transformations in the formal derivation of
responses to various forms of inputs as the operational method is now the
overwhelmingly accepted method of handling transient phenomena. It is -

hoped that the report rﬁay sex;ve as a simplified introduction to the application
of the technique to the analysis of transient vestibular reactions and body move-
ments. The responées to vario'us types of inputs were determined by computer
muns and are presented in the réport in the form of curves. These curves

should make it convenient to compute responses for similar inputs of any mag-

——

It is well known that the resnonse to the semicircular canals in the way of eye
movements or sensations is affected by many factors and is by no means
determined solely on the basis of computed cupula displ.acemént. 1,3 Research
should be oriented toward the discovery of the role played by every factor as

it affects resp\onse. To this end the cupula movement and the corresponding
vestibular signal should be properly appraised, It is hoped that the analysis

presented in the report may be useful in this respect.

It is not enough, however, to éompute properly cupula movement for a given
input; it is also necessary to relate such computation to meaningful responses
of the canal. If must be established what form of response out of the many
which ‘can be observed represents true unmodified semicircular canal output.
Doubts have been expressed that this may be possible. 1 The findings in a
previous report to the effect that sensations and nystagmus resp'onses are in
agreement with computations in the case of steady-state sinusoidal inputs

are encouraging in indicating that they represent true canal behavior. The

further hypothesis that the same condition obtains in willed movements, if

-iii-
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confirmed, would make it possible to use responses as computed in the present
report in the analysis of body movements. It would seem, also, that isolated
canal response may be obtained by the recording of the firing rate of nerve
fibers' associated with the cristae when measured near the peripheral level

in order to cut off possible efferent signals. Indicatiqns are that these

. . 5
responses agree with computations.

Mr. Belanger show s how the overshoot of the cﬁpula can be compensated by
‘suitable operations performed on sensory data and that an integration of the
gignal could compensate completely for the effect of cupula stiffness:.to prdvide
exact integration of acceleration. It is apparent, however, that such complete
compensation is not effected as zero phase shift would be observed at all fre~
quencies, Some partial integration may, however, take place. In any case,
presently available data on the development of compensatory vestibular-

1 -~ - . -

LEedaCLIVLS LW UiiseL UUQQLUbLuE pPoTUDULY Uala WUULU 1SAU- W bile LULUinZivie biee
similar reactions would develop to harmonize visual and vestibular data. The

problem requires further elucidation.

-iy -
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THE FREQUENCY RESPONSE OF THE SEMICIRCULAR CANALS

The dynamic behavior of the semicircular canals was first described by

Steinhausen in the form of a differential equation relating the angular dis-

' placement Ge(t) of the endovlymph reAlative to the canal,.to the ‘,angular displace-
m;'ent Oi(t) impressed on the canal (or head), Others have investigated various

canal characteristics on the basis of this equation, which can be written as,

ée(t) + Lé»e(t) + PO _(f) = éi(t) (1)

where .
L is one canal constant in radians/second, and

. . . 2
P is another canal constant in radians/second” .

- e . - — . R .-
M LIARy, VALV AU MAGVY VA QLLIDLWV L AIAVIVIL VI LUMURALIVLL LA RIVOD LUC LULILUWIRE (S50

Appendix),

szee(s) +Ls@ (s) + PO _(s) = 70 (s) , (2)

or
(s® + Ls + P)0 () = 50 (s) (3)

where s is the Laplace operator.

From Equation (3) the transfer function relating Be(s) to ei(s) is obtained.
6 (s) s2
= 2 . . (4)
ei(g,) s +Ls+P

If it is desired to relate Ge(s) to éi(s), Equatibn (2) would be rewritten as,

570 (s) + Ls@ (s) + PO _(s) = 50 (s) (5)

and, therefore, from Equation (5) would be obtained

Ge(s)= S . (6)
éi(s), sz +Ls+ P '
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If it is desired to relate Oe(s) to éi(s), Equatidn (2) would be written as,

2 sl
s Ge(s? + Ls Be(s) + Pee(s) = Gi(s) ’ (7)
and, therefore, from Equation (7),

Be(s) _ 1 . (8)

. 2
ei(.s) s +Ls+P

Equations (4), (6), and (8) are transfer functions relating endolymph angular
displacemént relative to the canal to angular displacement, angular velocity,

or angular acceleration, respectively, impressed on the canal (or head).

TL Ll o T ncV i i e mmnm e e 2. LT oL R I Y i roan- 17 ~ A
B ittt i et i Y £ Bl 2 S I E A S 2 B A S S I T X

right-hand members of those equations will become complex functions of

the frequency w (in radians/second).
Thus, each right-hand member can be modified to a form

Y(jw) = A(w) B | (9)

The funcﬁon A(w) is the amplitdde frequency response while the function

B(w) is the phase frequency response.

Considering Equation (4) with s = juw,

o . ~0? , B. ()

— (ju) = Yy (ju) = = Ay (W) !0, (10)

0. i P-w'+jLw i
where wZ

Aei.(“’) = [ - 2%, 1.2 2] 3 (1)
and

Luw
/ ) o _1
Be l(w) =77 = tan (—]—?—:—;2—) . (12}
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Simil'arly," for Equations (6) and (8)
0, o iBg ()
— (jw) = Yy (jw) = =Mfwe i (13)
. ® Pt Y
where )
Ay (w) = T (14)
% [(P -0 + LAF] 2
and
By (w) = T gapt (—1‘—“’——2—\) (15)
- . 2 P-uw
9, . iBg (w)
—(jw) = Yy (juw) = > = Ay (wWe “i (16)
Bi i P-w +jlw i
where 1
5 (W) = T (17)
%, [(P -0®® + 127 2
and . Lo .
B: (w) = - tan ( ) . (18)
0, 2
i P-w

The semicircular canal dynamics have been compared to that of an overdamped
torsional pendulum. This is indicative that the denominator function
(sz + Ls + P) of the right-hand member of Equations (4), (6), and (8) can be

reduced to the product of two functions of s as follows.

2

s  ¥YLs+P=(s+ wl) (s + “’2) (19)
where
2
P—wl sz =W, (20)
and
L= wy + W, - (21)
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The real constants Wy and w, represent the lower and upper corner frequencies
(in radians/second), respectively, for the various frequency response
functions. The constant W, represents the natural frequency (in radians/

second) of the canal,

In terms of w, and w55 Equations (11), (14), and (17) can be re-written as

1
- "2
. W
(w) = v 1 (22)
Aei | l:(w2 + wlz)(w'2 + “’22)} 2
AL (w) = T
Aei [(wz + wlz)(wz + wzz)] 2 (23)
. 1
Ab' (h)) = = Y 3 i =~ i . (24)
S T we e ae Te

In terms of Wy and W5) the phase functions of Equations (12), (15), and (18)

become
-1 Y -1 Y
By (w) = T - tan ey tan o (25)
i 1 2
. -1 Y -1 Y
B (w) = I _tan™" — -tan”" — (26)
ei 2 wl W,
) g v w
Bé.(w) = - tan o - tan w—z— . (27)

i 1
Thus, from 'E‘-quation'(l) originally developed by Steinhausen, three amplitude
functions (Equations 22, 23, and 24) and three phase functions (Equations 25,
26, and 27) are developed, which completgly describe the response of the
canal in terms of angular displacement of endolymph relative to the canal,

to canal (or head) angular displacement, velocity, and acceleration, respec-

tively.
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These frequency response functions are shown in Figures 1 and 2. The
values assumed for L and P are 200.1 and 20, respectively, resulting in

values of 200 and 0.1, respectively, for w, and Wye

Considering the regions of flat response for the three frequency response
curves of Figure 1, it may be argued that the semlclrcular canal behaves as
an accelerometer with a scale factor of —LP- over the frequency range
0=2p= Wy (see the curve labeled Ae _(w) )-

i _ N 4

Similarly, the curve labeled A9 (w) indicates that the semicircular canal

behaves as a velocity meter with a scale factor of '-%_T over the frequency

range Wy W Wye

Finally, the curve labeled Ae (w) indicates that the semicircular canal be-

O e e O

B el e I L e I T R et R R I RS g

| S Y B I R A S T e R - RO N

Since the frequency range of Wy E W=, would appear to cover quite well
the range of frequencies associated with normal body motions, it may be
assumed that the 6utput from the canal would normally be interpreted by the
central nervous system as being a measure of the head velocity. Thus, if
the endolymph displacement angle Be is multiplied by the constant L, this

would represent the measured head, or canal velocity Gm.
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THE TRANSIENT RESPONSE OF THE SEMICIRCULAR CANALS

While the steady-state response of the semicircular canals to a sinusoidal

input at a given frequency is completely defined in both amplitude and phase
by the curve of Figures 1 and 2 (for the assumed values of L and P), the

transient response of the canals to certain specific types of impressed head

motions is of great interest to the experimenter.

The derivation of the transient responses of the canals will be based on the

. assumption of zero initial conditions in the state of the endolymph motion

relative to the canal. Thus, at time t = 0, it is assumed that,

1,

Ge(o) =0

i:l tay = 0\
e -

.O.e(o) =0,

Canal Response to a Step Input of Head Velocity

(Post-Rotational Experiment)

Since a velocity input is involved, Equation (6) will be used.
s . S .
6 (s) = 6 .(s) = 6.(s)
e 'sz+Ls+P 1 (s +w1)(s +w2) b

Since a step input of velocity 0 is assumed, the function ei(s) =

i,-

Thus, s N 1
0 _(s) = - =)
€ (s + wl)(s + wz) s (s + wl)(s +w

5)

(28)

ve7)

(30)

(31)

e

L4

(32)
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1

1f the function ) is broken up by partial fraction expansion,

(s +w,)}{s +w
Equation (32) can be re—writ%en as (see Appendix),

A | 1 1 1
0 (s) =1, + (33)
: 2

or 1 /1 1
0 (s) = -\ - ) (34)
2

W, ~Wy; 8 +w1 s tw

Taking the inverse Laplace transform of Equation (34) (see Appendix), the

transient response Ge(’c) to the Stép inputbof velocity 1. becomes,

1 -w,t -, 1
ee(t)=J)_ (e Wit L e 2>. (35)

L 1

The equivalent measured velocity is obtained from Equations(21) and (35) using

the previous definition for measured velocity.
W, tw

i 2 7Yy Aot Wyt
e _(t)=L6 _(t)=0 — (e -e ) (36)
Wo ~ Wy

If it is assumed that the central nervous system (CNS) is capable of integrat-
ing and differentiating the measured velocity signal, Om(t), which it receives
from the semicircular canal, for possible uses in eye movements or body

control, these functions em(t) and Om(t) are also of interest.

F

From Equation (36) and the assumption thatem(o) = 0, is obtained,

w, twy 1 -0, t 1 oyt Y2 TV
o _(t)=n — (- —e 4 —e + ) (37)
Wy =Wy N Wy Wy A |

and,
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.. Wy Ty 0, t “w,t
ern(t)*ﬂ;—:(- wle + wze >. (38)
2 1
2. Canal Respons'e to a Step Input of Acceleration

Because an acceleration input is specified, Equation (8) will be

“used.
1 . 1 .
0 (s) = ———— B.(s)= 6.(s) . (39)
e s® +Ls +P 1 (s +w)(s +w,) !

With a step input of acceleration of magnitude A assumed, the input

function © i(s) will be,

. A
ei(S) = = (40)
Thiea. . A .
0 (s) = 3 —=A - - (41)
(s + wl)(s + wZ) s s(s + wl)(s + wz)

By partial fraction expansion, Equation (41) becomes

1 1 1 1 1 1
8 (s) = A[ —_ - - ] (42)
wowy 8 wl(wz— wl) s + Wy wz(wl - wz) s +w,

or,

+— +
- (dl wl s + wl wz s + wz wzwl S

1 11 1 1 W, "W 1
]. (43)

ee(s) = A

)

Taking the inverse Laplace transform of Equation (43), the transient

response Ge(t) to the step input of acceleration A becomes,
1 I 0.t 1 -t w, -w ’
ee(t) = A ——— (———-e 1 +—e 2 +——-—Z~—————l‘-> . (44)
Wy Wy W, W, Wy
The measured velocity function, in this case will be

. W, + W L -t 1 -t w, ~w
Gm(t)=LGe(t)=A__2_~._-_1 (___e 1y o 2 +_Z_~J>_ (45)

Wy, ~Wwy Wy w, W,y

wz—

~-10-
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Again, differentiating and integrating Equafibn (45), the following
is obtained.

'e'm(t) =A<t (46)

and v 1

2
2 1 -, t ~w.t w - W -0
- A | 27 2 1, 2 1
Bm(t)-A ( 5 € 5 e > 5+ 9. (47)

3. Summary of Response to Step Inputs of Velocity and Acceleration

In describing'e m(‘c)’, é'm(t), and'e.m(t) for step inputs of velocity and
acceleration, only four different functions have appeared. These are
the following.

w. +uw. —w. L -1 LN
1,(t) = ———:————-— K— wye fw,e ) (48)
(:)2 wl
W, +w -w,t -w,t
f?_(t)=—-‘3-——l(e Ve 2) (49)
wz - wl
) w, +w 1l -w,t 1 -~-w,t W, - w
£ty =—2—1L (--——e Vy—e 2 42 1) (50)
Wy "Wy vy ) Wa ¥y
and W, tw, 1 —wlt 1 ~w,t wzz - wlz W, ~ Wy
f4(t) = - —5e -—, e - =3 5=+ — : 9 (51)
Wz "1 Yy w2 W2 ¥ Woky .
For a step input of velocity of magnitude ) ,
o _(t) = nf(t) (52)
6 _(t)= 0 £(1) (53)
o (1= () . (54)

-11-
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For a step input of acceleration of magnitude A,

6 ()= A£(t) (55)
6 (t)=Af,(t) (56)
0 _(t) = Af(t). (57)

The functions fl(t), fz(t), f3(t), and f.4(t) are presented in Figures
3, 4, 5, and 6, respectively.

Two curves are presented in each figure, corresponding to two sets-

of assumed values for wy and W, or L and P.

0.1 rad/sec L = 10.1

R . s -— - -
Wi —™ 2Ve VWV 2am/ ODUN £ = LV

—

Case 1 wl

1]
1]

0.1 rad/sec L = 200.1
200.0 rad/secP = 20.0 .

Case 2 W

1]

)

Canal Response to Pulse Inputs

The pulse input is characterized by its amplitude (N or A, depending
on whether it is a pulse of velocity or acceleration), and its duration
T. It may be thought of as being the result of two separate step in-
puts of the same amplitude (.n or A), but of opposite sign, one occur-
ring at t = 0 (and initiating the pulse), and the other occurring at

t = T, and terminating the pulse by exactly cancelling the value of the
first é;;ép function for T< t. The response of the semicircular canal
to the first step input has already been covered in previous sections.
Four functions have been developed describing varying responses to

step inputs of velocity or acceleration.

One important characteristic of these functions is that they are zero
(0) fort <= 0. In other words, no response or output may exist prior

to the start of the input function.

-12-



GERA-1085

E I

Tt

T

1T

kW)
T

™

IR 9
ot

T

J LETIITTLTEY

1§

% Sew)

WL G

z
1

pB B
T

3T

1

tETT

T
P Bt

S

1

T

" 1] o
B s . AT B : o pedumyi
] ) trt [ | us Ea i mual 74y
A g pga 2 o nEgy W ] gRe
4L A g s Banspkhus 3 :
FEET 8 K 1 J NuaR LT LEET
e - r il - " - AR 5
N 1 T EudGkan R LI SupnEaan s E i
yu RN & I
LT 2 = Fi il ERRY TH R
T b s it gugy
7 TET T T # 2 nw I po
¥ T 3 1. RS BRausEERESS!
puapy 3 TTRREEE 1 1 11 - LT g gl
mawy " 616 % E Ran
HENEN - 3 Sps ;
i 8 TSI futle L
5 ol THH T
T gEa ] T o
[ HH ¥
AERARYMA 2 fs ; i - t
ERRwR aEguENEL) it i3
H . ioae ) 5
-+ 3 e to - B G = ol 4 2 fuod 14
T
N 3 5 X
W ger] - 7
}
LA L]
5 ]
de % b
JAT ity BN " TLr]




e
N
3
I
1Y
iE R
D
R
Y
0

GERA-1085

T T T A T r T T T REpRR N T TITIITHTT 3 T - » YT G
SR SRR Rt ‘ L A R A AR R e O A R A A e s
Sk g weguulayinpaid subhatsnnlyiint i sy 8 IRERaaSE L g Cadti . SENRAR 1] LI RAsERudss SEbRRERaqinsse ESRERpReeass
= f - -4 4] 2 fdcd.. .. o RN - - . g - |- 2
Snunduadedbuiy suBRaiusiiey ; L SR e g ualh R a Rt ahEus Snhibunuyd Suny L. AERaSRaIN T , Abnl ‘,.W i St s p et
Eo At e e g EeNpasyguunganguys fRlnaugofysaun THTHIE s T L SO AR ! ; T SEARSERRARCIERS Kus iy
& I ERRR A RN RY T » TR TETHF THEHT THTH B BEEENREEEUNUREEIRan LYY SENEpNEFRAEREY SPREy geman pyvne
3 T e S AN SEREN 444 L EN L X O HHEGHEHEY LI SENRE ¥ g ] 8 " B8 Rynd 1L 7 SEisR!
LY | T ] fr Tt 1] T ERRAREN RIS Ty G O (R 0 X 1] HENEES 111 N g L 1 4] A & akgns
H, A bl 11,11 ELELLA ; a 3 s ] IR I TR T T T T 11 igag BRkyaRazes
T byl
e o r T = BENKRREND RPN 3 A T JeE ¥ | 333 % Iy 7 RENEN DN = T T
T H P TH LT u..,.wmw - 8 TR BRas T IO E
T PR T e | [T 0 b Reaz ] 4 8 ANERURSRRE L LIy L Ekdghgiid il b1
epBEgEEsy g sxyspaapnisaiugl el 1T 1 THEHERAET R T QoA e . ] R A SNGORRERS SRNNP RN | Sedh _E faisg M
FrrrH et PSIRRINER CE L dre b T TR i T Shang mpudhenydnuuniakl unfidgbnugansh wedng b BuRa EReRRaeaS SRR NSARRER CH b P R ]
uEpignanyuniBiiah TR e R e E T e T TR anugand g fugd Rl ] T spdspuaraiddynidonnsdtascinatstnanntnenas
k HHT i L af 5n T ded -
o T RS ] " }
| dbated 4 d B j (4 - e - {-- 4 -4 {-4 -4 4131 4 3 %3
Bgsd Raa : A g p n R mmst N T P A Ras} +
14 WRAN I q1 2g4 A sagengRunl sprpvetpianinanic
T T T e TR T MRS Ay RENgus S RENET NENSES T TR EaSNy panw Mg " rh
sSsnufuaganng ol pnsennd R R T R T S R HIH T T Ly ] A T s gs | ; PR
e bt e T e L gaag 3 Lo T LT tHEE L = ShiEan ;
Euw SyENE by =y SHNNSRERNE DEOLEE e s HEBENUPE B L i T 1L B:
: T hyipiidtegs EREesEaan) B FR 3
PO A E R R e e e sashvpdesBalis Edudasiantanian il b4 T 1 £ 1 2 :
i SEIR I SV N I O B {1 1-t g A4 -] byt 4 1y - - o o ¥ - Al b bt e . Jod
ST Bih A I s dag il | i % dgemik s i REE
ckiagtendideddls shasgankgan GITE 5 LELET Z [SaspudpabznptusnansehidnpRnnas nyurusngdyly 4 il
SdEsSRngiRinn - 14T nk L3 TR RN e BENEEhbE fuigdn
t = 1 T o ST I -+ T T T PR
N HHY HTE gt Sanandniyn T 0 1 Ry . R
T T e R e T T e T e T T o sxy o
R e b e Ruauntcy L B ERERRasny b =1 aERS]
L] 3 i | o L aigukal
anNan Ba " ik 7] 1 © N
dgu {351 11 il s 1 C Wyl
syuhan xnfhiveg Sunadna: T g TLTHTEY PRI £ 1 Ea apRuR §gnadynEnk U
FRENg Y By s ey - T e T T R T T T sunngymene suynspulll iy nayisypow wENRe B g o
ST L nidguensalbih NEARENTun yu ik ST TR I
T ugnel EESRANESYE NN PEAESARA S PRENPRRESY ANRNSN
m;v;% EHA it 43T LT
o L ! A ogebi e A ii b4
T i SEERESEEN 13 = I3
25 o Rt e apnanhsnwe SRS k EEN
1 & an - o an
S tdd-p-d bt At -3 T RROEN L] 4 -4+ o g0 -+ 4-4-41 1| ottdd -+ 1 -
f ERk e - H I DT N T e
¥u I 3T TEH
MR EERNY Y . - -t 144 -1 bt 44 -
unk gy g EsgE I HE T |
! P b b e et PR e r e LT uaREEaNRRERERERRNR
§of T P B N 11 T fgtt «IUL...
4 .
t aidsedashe RageRRsEqanfas 53 E :
HH ; 1 L guRnb gy EyRacunganstn
v NN
EENERYRSRAR SRAEnY By T H
1 aiean T .
: o siEas : : 4
£ sp-dst Y. - = e 5 & 4 gty SRAS bt
LLELL 3 ] HeSESNNN RN NN EARON NS LT B ] _ . 114 B B A ks ETl iy
& 4 LEE L LT R WA SN - [ #i o % 2 i
£ T
;
}
é -4 {34 S £ L 2 = | - Aty SHAR £ 8 e a1 4
:
:
T . :
T : :
e
%) 7 L
3 % 1
: aan
+
L a L H i 5 + x

AN HMYSEY W IWIINRY



L

GERA-1085

ToIT o) 5 T T T ey N ) far T T O 2 T - T PR
ST e HEN T THIE d T e R HIL ,
o ¥ ¥ B B B MR dr , B R o 0 e B e Aegod f L 43144 -4 L f 444 ot L WLmaN
T TR T L : gka RENEBSRESSRNY bl i L ) -
mle i S ER N T T R T T gazyae
Chne i R T e L PEELEEL R anu Ll ORI 9 HEE E8 R T R A THH NN T
susndunsfananinponl COR0S oy I e N T R RS AT o EERRERBE RS Ethe syAgels P HTHTH
T IR il R R IS HHE TR T A D R L R JERReficiciciRnl
1A 1 aRsaaang THH P L R WL LT :
i EnEAbuany Shunuigns) punndnnioknninduny ol ST A R e R T P LT -
T Lkl ¥ i 1 F30 T BeEge B 1 % 4 BE & I 2 ” B i 3 3 0 N Qe T W Hak REBUHEN:
e T R e e e F e e o H PR IR Res T ship H HEgENpE,
: 7 : g T o AT TR R T SERAEREENTLEE NEEBRISFRpYSuS
o Esuad pEtisdudnstups) il 1 L it el bt 8 S T HER AT B e 28 SEBREREREn i § seEit
ik e o FLE : L R H L AR R S b A K Eadusenny e REaduns Huggdn TiE
- ] T T m RACIEN T T e TR T T TS 3
5 Y eunungnn ST T O T NN AAN RS RE NN H 1T ot il ] ugdn FETRT e
sigsageed H s : 150
414 4 -4 4 T ti - -+ AR M s TRaN NS NANNER & T ERNERS Ay L
aERERNNY sxRunnn) oy fERaLgn HENugEagan s B eunan AN Ran gl ufl aunh I HE 4 THE aNERS BANGNaE 1]
EYREAQNANA SREsy SRENEEH AN 5 5 3] LE g pARpbigkny S el an s L oI A = N
3T i & R 1 ] G [ T 7 T SEEAERuSEN gnaN | . RN 9 C T I DI et T HARCERE Y 1
Saam HIH 3T s T 1 HFH A b & ,, i - R WA v AL A T TR I 3 g FENREERIN DS -m? IT EEAGBENENEN & 1 ;
Sukns Rl 5 | EErraTE : ETRE P o
EEEE [§3S B = S R B W 1 e 3 . ua =] B - FRSANRpunay mpRE TH ] Tt o sk :
gid e R e ANESaRTNRAREARR NS HE THE ' 4 PR tsRaRins SaksaEausundRahi - B R esns;
8 ; X LT Huiads . SFHE 4 T S ke - ] AERAnSuaRERb 1iTE 3 ;
H+ 1 4 4t {4 4 - A e B - - bl ] B A M S S 16 A (R 1 IR O -4 3 L N - i - i g -1 2 T
gasuaibyduiySRabintayaitetiey ERANmanS AN kR it EEEE T B R R REdeH sjes LT ¢ didun:
gungiaannstant gdusfiundffa kedid k RRuRRunAAY T SRS IR L AR R agnus A Jtn SjjEgEn Ny pBRE AL RN - i
L 5 b A df- gt 14 3~ b b B
Aot bt e Godd § gt 44 % gt A1 R i B8 W ok A 15 0 4 FEURRRARSENEEEEEEENERRY SR YN > | .
SEI8 BhAE ainstnlaty EREAat: fuddRNES R anuds kanddoun yRiubhsn i anEERLAERANRRNES 1
uRBRANN NS R 2 ARNASNERANdannE AR sn St tun O RRTIA 5 RERERERYOEARTGY»-u P 1
BEH pw B T o T op SRENREN IR o NEeEpumns g .
uddadua Syneyagaipanngput i BRyEEaSapdsnidag g i SHENURERENGE Ruunppat iy T S A i
] S RERRNAN TR T R an v i) fulite IS Ranhauugun Bepg R siRsRspanudN Rt hn . L . g P L I3 T AT
uyis Sipea BRESATER Shpaqauapsynay gl suph ‘L* SERREREREE ynusy Rusti NN ERRNAR PRS0S4 N TR et - pausakausally HH T e SouRIREEl R
yaugRgbin SRR R e S S R BENSdRmO A e 502 cuilRENE : BiE NRRERSAR AENSRAE SRERL BERAS
L SRR i 4 g ne i g o L] A NN EN 1] %
T T 2uHEn s j puag ny i g2 as LT TRaps ,
Sunalns F ST e W ay guas i1 w o T AT 1 L R piL 2 i
H T H T ﬁ e WA RBRD 2] ] - 31 1 aiBHaR - Balsbals
we 1 wye AN N T T N PR g W= g i ul NN RTIGR F a TR R T T BEANSRES : e
makup T BREE RS muu ey i RuSuRiuERunnaWhet i) CEEEH A AR ganue L H O i Eygaey
i I At e A e e s Froapti e _ SATHT HE T HTH T ghs ATE .A AnbyndnunasSnaulant Rugen
N 2 g . 2 5 ) - - . Asl*ﬂ
au salesynggan ga Syenafan el o e T T 3 B e R R R PR [hgzhpensanhungisupys 4 ST R BlsaafEanst
P . T T 3 SRR b e T L 1 % ok T Feehua , sadangrasdtansannit it nsiohel dadbaRenin
=Secan 3 SEFESNEREERN ; BupEnENa ) puseRyEny g 2 p EEFUEERERARENRARE -
e CHEETEL T T R L T L Eeurunsaananiaing T EE RS LR R R T t HeausdybuanfdnpdaheagSigaiabaciabisallutipsndnsutungae ]
S EmgERERNENpuNRE Esus AT T E | ERALEL s L1 E | - FHA T RS T T .41 i
iy § 44t L T S3%y Al ] T v 68 o g ek € RSN & CTEnI L L L L E 17 R ANNBNRERE RYPEARIRE
unyuude gENmSun eSS Eai Sy s L s mid HNSENYER A : paqgandy : 1. it a§isaiNail h LR R T e A R e RS
Cib e T it o =TT et L mihddy Sk wd BN A Bt as 3BT : AM ‘ crb R B, x ..U :
= T b | P Ly b -+ mar haddaTns E P T L ] ; W R S SRR ek _ s A CELTEERIT NENREA BRANNCRRE B GR w 0 0 B e o O i 1 M I I BRe
P TR L L e SRR e R e HT 3 astefgaiad i L I asfibfenaihnny ge=s
LAT SR RERSEN 5 210 ] g A 5 - -4 - 117 » ]
T 7 NN N MR i e B RENERANEY I i 444 EECEa R -t 1 ] o -1 i
T T o e 1 e Bpal e rl e T T Ry Hxn 3 g Wil § o8 1 AREAGO RN Ny A RAAnAEAn 2aussn Fusiuniinippnapugtuuriin
sl it bidde B L TP e PR S e 1 HE BERRIGGRERRAR dEhunion BaaA : Ak AdE
w T 3 gk o bt ! .ﬁ WESE > Y R 4 .n Il BENEANSRn na } AERERSRERANN HA4F bR el e R R e e
i - NETuRER 4T PH i G nin g 4R oy iwn JiTE N T T ARsaREl AR REENEREEN
ANRRSEE - -] i s w & ! ....‘«. 5 - s L : aNAgERs . Ly §ixe
= En iy i g MibApnaafnpdxbegdlon an s g iy o Bagbuuetunalif T : ihreaRagenilycand L VPR R
waRdeaENy - SR B m 1 17 L a fenshainiy S SR B N N e i Ty L b Sl i ol Sk Sty i
o VT N AR g e n FEA SR EE RN EEw z T T i _*, S R R R A T T s pEE PR AHW i By .
T Wi Eykadunngkddonnd He e E L M NRSSERSRRRSELE ARRGRERNY §3883un uEgs uadnygapnappy e T
u saghkiuad deadf thesd 5 Epudpiaa] vhgd § - B 5 u
E T - e TiT O IF AT ET T Ry
BRBNE l T add e A L Rt ko] Nekia b % +144 & Ll H44 A T L0
A H AT [qaatasassibaaks AERERANGuRd pRwik T T RREREpppieia ABERAESS IR R EANE b L et e e e e e T
B T TR T L R T : CEIRERInaREls e AT e R e P e e B e T o
Eunadsdanytuntynanad SANGNRRE s Radauyuduspluatndiynpaiisl EERgRshAdguing panth Al TP T L R T L e T bERyeivs SundighRynyoningons
AEESSERANRNURERARE 3 ARy HERH RS STy H R SRARESEREHRaaN D [ e |- . ] R R SENEAAREY AL O TR T .mlf jEnid wl i pRRwEGR S
T YRARRAREESRRES 3 A R e P ! ppimudanks : ¥ ! RN mhun Suds Rk pARY
> T 2t 411 - ey ot foub dopodafod nd
LT Eods P ] 8t c3 t 2 AR ans ] fodd AR R ¢ O
R atsaaupl FrrRH B R H Rdldgkdiadea. | REEghuusfindng Renuguanahyunn 1l -
& e s BRER by oA - Seugnn
T fi. 1. redt bbb e i L 3.1 - X BENES o et [ fd-4- -
T 0 J 5 RREBERAD W YW 2 B il N g p 3
paw MU L BEpNwwY - - L [A LA P e PR TR T 3 A TR P
CFA A T [ S R R R AN T R T ga .u 4 1”é B e T LT H I THA AR p e B e e
H EE R R e A e P A i e punsk T EgiEgusysyiavpenrysdguanunss
E SR T e e R T T T T i oo Bl R 6 : KxnRansddutallgvpnsnysnty - SphAnaiRERaRaasRRbabechatn TR T T
- : - - = g
sgyse pyRi sy T ] BN g mRN R y : oy R 7 grEYs) 7 s
= L MR WAy KRR 1 R ARERpR
" %5 Y N R g 1 id B S0 Bt
RENg NS B SEn £ R -] 8 oyt i3 gNuin jawns
o S G B RN B yuypRengRlnynayslpae gl iunny ¥ s kupss F e
o Run T IS
1 ings = T TEH LR Mgeduidnunpsnudl ENgskl &
H- pH - 1 tH F RERARG AR ] Lol 1f
X i .} E i
BNERSES A CELA S P e e T e R P H R e T e e B pRupyguananiolshavyauganpinsenshy Ll
B ! L T P e e T T R B T R L R e e T B TR R R ey aua 3 i bt T

\n



e

L4

e

bEs
]

i

T

[ 3 S

[IoeNS § B

T

TR

i
Ln

GERA-1085

\m

L gt gt b b e i

o

1

5

L]

Y

-

T

4t

P

1

ay

Xt

i3

()

R P

B

11

T

LT
Tt

a5y

I

B Banei o

S

1!

T

HLERRRE R

T

1

it

%i

HEY

e

[EATSCAREN SRFUSECACE SRNSSRANRBNAE S S8R IRSUNSESUS S AU EFRRLS CHDSERAEPI USUSEERSLY]

8!

YA Lase® v N sIAwY

Qs



GOODYEAR AEROSPACE

"GERA-1085

The significance of this characteristic is that if the step input had
been initiated at time t = 1:1 instead of at t = 0, the response functions
would have been written as f(t - tl) instead of f(t), representing the
original function f(t) in shape, but displaced in time by an amount’
tl, the time by which the step input was assumed to be delayed. Of

course, in this case f(t - tl) would be zero for t< ti.

Since the semicircular canal system response, and the assumed inte-
gration and differentiation processes in the CNS are all linear pro-
cesses, the various response functions to a sum of input functions
will be equal to the sum of the individual response functions to indivi-

dual component functions of the input.

As an example, consider the function 6 (t) as described in Equation

»

(53)- This T’Pnrpqpnfq tha Qnm1n1wnn1nn Aensmal s e e = 4

""“L""'""’“ v v W v s WA

velocity .. starting at t = 0. If an input step of the same magmtude had

been initiated at time t = T, the response would then be
6 (= f(t-T) . (58)

Now, if the input is a pulse of ve1001ty of n and duration T which
may be considered the result of one step input of amplitude + ()
initiated at t = 0 and a second step input of amplitude - 1n1t1ated
at t = T, the response 9 (t) in this case would be

o _(h=n tfz(t) = £,(t - T)] . (59)

v

Thus, the original function fz(t) shown in Figure 4 may be used in
describing the canal response to a pulse of input Velociﬁy of giVen

duration T.

This is shown in Figure 7 for T = 5 seconds. Similar considerations
apply to the other response functions.

/
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Thus, for a pulse input of velocity of magnitude /2 and duration T,

o _(t)=n lﬁfl(t) - £ (t - T):}, (60)
and

NGRS [f3(t) -1t - T)] . (61)

. Similarly, for a pulse input of acceleration of magnitude A and dura-

tion T,
® ()= A{ £,(t) - £,(t - T)~ (62)
émq;) = A;L £,(t) - £,(t - T)j (63)
o_(t)=a [f4(t) - £,(t - T)j . (64)

The preceding theorv can be extended further far mara nnm:\j:nnf,\a
Lranslent 1nputs whenever the input can be described by the sum of

several step functions.

If a particular input, for instance, can be described as
6.(t) = ’>K‘ A u(t-T) , (65)

which is a transient acceleration input composed of n separate steps
of different magnitudes An’ and initiated at times Tn’ respectively,
(the function u(t - Tn) represents a unit step function initiated at time

Tn) the canal response in this case would be the following.

e}n(t) =§n:An. f,(6-T ) - (66)

Canal Response to Suddenly Applied Sinusoidal Velocity Input

The canal response to a much largei‘ élass of input functions can be
evaluated with the additional knowledge of its response to suddenly

applied sinusoidal inputs.

-19-
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In the first case of such inputs, the input function considered is a

sinusoidal velocity input, or
éi(t) =0 sin wt (67)

with (see Appendix),

. W -
8.(s) = —— . (68)
s t+w

Using Equation (31), the canal response is obtainéd as

s w
(s + wl)(s + wz) s +tw

Be(s) =

which may be re-written as

S5W

a f=y N ViU

° "\ s + wl)(sv + wz)(s - jwi(s + jw)
which, expanded into partial fractions, becomes
W Wy 1 W W, 1
ee(s) =0 |- 2 2 ‘ + z . 2
L (wz - wl)(wl +w) s+ wy (wz = wl)(w.2 +w) s+ w5
wz 1

+3 -
(wl + jw)(w2 + jw){2jw) s - jw

w? 1
-j . (71)
(W - jwlw, - jw)(-2jw) s +jw

W

Taking the inverse Laplace trangform,

W W ~a,t W W . -w,t
2 2
6 (=0 I:— 1 >3 © o 2 2. °©
' (wz —.c,.a,l)(w1 +w) (w‘z - wl)(wz +w)
W 1 jwt 1 ~jwt
+ — - e + : e J (72)
2wy +jwlw, + jc_d) .(91 - J'w)v(vw2 - Jw)

~20-



GOODYEAR AEROSPACE

GERA-1085
Equation (72) may be re-written as

W Ww ~w. t W w ~-w,t
Oeld =00 - 12 2, © b ' 2.2 e *

L (w2 - ml)(w1 + w) (wz - ml)(w2 +w)

2
v W10 W qut, —jet, | W@y e
+ 5 > > > (e’ "+ e )+
(w1 +w)(w2 +w) 2 2j

N

(ejwt _ e—;wt)

i
i
i

} (73)

or,
w W -, 1 0 -, t
o (t) =) - e L 4 2 e 2
e _ 2, 2 z, 2
Wy, =Wy Wy W w, W
’ 3 Z . Vd /  l
W W \WiwWs W) Wi = Wy }
g2 112 cos wt + —2 1 sin wt'. (74)
2 2 2 2 2 2 2 i
(wl +w )(wZ +w) (w1 +w )(w2 +w) ]

From the prior definition of measured velocity,

2 2

. wlw, + w,) w
o_(t)=Le (t)=pn ——1 [ Lo 1,
e w7 +w W

R |

, 2 2
b, ~w)
2 1
cos wt +
) ~ (w 2 + wz)(w
1 2

2
(0, - w Hw W, -w")
2 2

(wl.

+

sinwt] . (75)
+0P)w,% o 2 4w :I

It may Be of interest to investigate the steady-state form of the
response 6 (t) (when the exponential terms e 1t and e 2% nave

decayed to insignificantly low levels).

Thus,

-21-
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2
. w(wz + col)(wlw‘2 - wz) : wz(m2 + wl)
Qm(t)ss ={) > 5 > 5 €OS wt + > > 5 5 sin wt
N (wl +w )(wz + ) (w1 +w )(w‘2 +w)
(76)
or’ .
. ww, + w,) Wi, = W
2 1 172
6 _ (t) =0 _1_’} — cos wt
m- 58 ['_(wl2 + wz)(wz‘2 + wz)} ‘ (wlz + wz)(wz‘2 + wz)_f 2
w(Q + w,)
+ 5 22 12 5—=1 Sin wt]. (77)
[(w1 +w )(wz tw )].2 J
By letting
-2
W W, - W
172
1 =cos ¢ (78)
[(w12‘+w2)(w22 + wz)] 2
e v.o(w2 +wl) o
2. 2., 2. 21% sing {79
{(w1 +w ) w,” +w )] 2
Equation (77) becomes
. W d
0_(t) = () (w, +w,) 1 cos {(wt - ¢) (80)
or,
T YUY Y U L I —— sin (ut + 2~ - ¢). (81)
m S,S 2 1 [(wl +w)(w2 +w}:|2

From Equations (21) and (23), Equation (81) can be re-written as

ém(t)ss =)L Aéi(w) sin (wt +.1§—'

-4 .

From Equation {26),
. = AL
Bei (w) = 3

-¢, -4,

-22~
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where
1w
9{1 = tan ~— (84)
1
and
. -1 W
dz = tan “)_ ’ (85)
2
from which
tan dl =57 (86)
. .
w
tan ¢/2 = 'w—z (87)
W W
: g w(w, +wy) o
and tan (4. +4.) = MLz ¢ L (88)
17727y wow W0 = 0
Wy W, 172
1 (). 1) = 1)
azdziz () T, 2 2 - 2 2. 2. 2%
[0 Gy +0y) 1} o [w® +0hi,” +uh)]?
+
] 2.2
Hw,w, - %)
(89)

Thus, referring back to Equation (78), it is seen that

g, +d, =4 (90)
and, that from Equation (83),

T .
> —¢=Bei(w) . (91)
Finally, from Equation‘(SZ)

6 (o = L XAéi (W) ) sin (wt + Be‘i (w)). (92)

This is exactly what would be obtained by using the frequency res-ponse

functions previously derived, and the definition of measured velocity.,

-23~
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In particular, if the frequency of the inpiit function is chosen such
that

W= wg W, (93)

which corresponds to the natural frequency of the canal, then,
from Egquation (78),

cos g =0 (94)
or : '

¢="T- . (95)

In this case Equation {(81) becomes

. +
5 ‘/—m—-mz(w Wy

1T ]

(t) , sin(wt + 5 -1y (96)
moes f(uh tw W, )(w + w‘m:ﬂ 2 2 z o
or ‘ 211
. W W (w +w,) |?
e_(t) [ 12 L ];_ sin wt , (97)
m''gs "~ (w + )2 1
[ 1¥2 Wy
or
em(t)ss = /()— sin wt = éi(t) 'Y (98)

Thus, at this particular frequency, the steady-~state response function

Bm(t)s is, indeed, an exact measurement of the input velocity ) (t)

Returning to f{ransient response considerations, the integral and
dlfferentlal functions 6 (t) and 8 (t) faor the input under study may
be obtamed from Equatlon (75) Wlth the assumptmn that 6 (o) = 0,

Thus,

~24-
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(W, +w;) w2 2
.. Wiy T 040 7 wl —wlt W, —wzt
86 _(t)=10 e - —— e
m _ 2 +w2 w 2 +w2
Y279 By 2
wlw, - w, {ww, - wz) wz(w 2 _ w 2)
- 2 112 sin wt + ¢ 1 cos wt
2 2 2 2 2 2 2 2
(wl +w)(w2 +w’) (wlb+w)(w2 +w")
(99)
and wlw, + w,) 1 -w,t 1 ~w.t
_ 2 1 1 2
em(t) "',Q. 2 2 e - 2 e
Wy ~ Wy Wy +w w, +w
(W, = w0, = ©°) (w,% - w2 1
+ Z 11 2 sin wt - z 1 coSs wts
wlw 2 + wz)(w 2 + wz) - w 2 + wz')(w 2'+ wz) J
1 2 1 2 _
(100)
:;ul;»: OB ULDT LU PUUUSIIL vV AnnIen .\1nn.qn1ma|~Annnan“n+:,\-. 1_'..‘:-:_1:
The input function in this case is
6i(t) = A sin ot (101)
from which
.. w
ei(s) = A 55 . (102)
s +w

Using Equation (39), the following response function is obtained.

1 ; W
o (s) = A 5 (103)
(s +wl)(s +w2) s +w
which may be re-written as
w
6 (s)= A ‘ . (104)

(s + wl)(s + wz)(s - jw)(s + jw)
Expanding by partial fraction,
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[ w 1 w 1
0 (s)=A -
e 2 2 2 2
(m2 - wl)(w1 +w) s+ Wy (wz - wl)(wz +w) s+ w,
w 1 w 1
+ +

(0 +julw, +ju)(2jw) s -ju (0 - jwlw, = jw)(-2jw) s +jw

(105)
Taking the inverse Laplace transformation,

w —wlt W -wzt

8 _(t) = A[ e - e
e (wz - wl)(wlz + wZ) (wz - wl)(wz2 + wz)

1 1 juwt 1 -juwt
+ [ e - e ” (106)
2j (o +jo)w, +jw) (wy - ju)w, - jw)

This may be re-written as

W -wlt w —wzt
0l = A 2 2. © - 2 2. °©
(w2 - wl)(wl +w’) (wz - wl)(w2 +w)
: 1 . 5 eIVt _ gmiut elWts e
+ (W,wy = W) ———— = (W, +w,)
(wlz + wZ)(wZZ + wz){ 172 2j 2 1 2
(107)
or, .
- W 1 -0t 1 —w,t
Oelt) = A —— z, 2% T oz,.7 °
w, — WL wy w 2 w
2 2 2
vy v Nogw,-w) Wy~ Wy
+ 5 > > sin wt -~ > 5 5 cos wt|.
w(w1 -w )(w2 +w) (w1 +w )(w2 +w)
(108)
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The measured velocity function in this case will be

: —
w(wz +w1) ! 1 —-wlt 1 -, t
a 2
2 wl *wl + W wz +w

Qm(t) = Lee(t) = A
w
: 2 2. 2
(wp ~ 0wy, ~w) Gin ot - 2 1
w(wlz + wz)(wzZ + wz) (wlz + wz)(wz2 +

+ 5~ cos wt}. (109)
W)

By differentiating and integrating Equation (109) (again with the

.assumption ofem(o) = 0),

.. W, + w,) W ~w,t W ~w,t
6 _(t)= A 2 1 1 e 1 + — e 2
m ~ 2, 2 b2, 2
Wy =Wy Wy W 2
. .. 2. .2 2 -
AWy W JAW g W W wiwn wg ) ¥
+ = 5 cos wt + - — e sin wt | (110)
2 2 2 2 2 2 2 2
(" +w Hw, +w) (Wi N, tw) J
and
w(w.2 + wl) r 1 -wlt 1 ~0,t
o (=4 - gz & s @
W, ~Wy; L wl(wl +w) wz(wz +w)
(w0, - w, Hw,w —wz) w,% w2
2 1 172 2 1 .
- 3 5 > 5 5 COS wt - 5 > 3 sin wt
w (W, +w){w, +w) ww, +w Hw, +w’)
1 2 1 2
W, -~ W
b —2 1 21] . (111)
o WiWw

7. Summary of Response to Suddenly Applied Sinusoidal Inputs of

Velocity and Acceleration

As was the case for the response of the semicircular canal to step in-
puts, only four basic functions have been derived for sinusoidal

transient inputs; namely,
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2 2
wlw, + w,) w -w,t W -w,t
£(1) = —2 1[ « NP L S
W, =W Wy tw w, tw
2 2 2 2
w(wz - wl)(wlw2 -w’) w (wz - Wy )
- > > > 5 sin wt + > > > 5 COS wt] (112)
(w1 +w)(w2 +w) (wl ‘+m)(w.2 +w)
wlw, + w,) w -w, t w -w,t
fé(t) - 2 1 [_ 21 5 e 1 + > 2 5 e 2
wz -wl wl + w wz +w
2 2 2
(w2 - Lx)l)(wlw2 -w) w(w2 - W )
+ 5 5 > > Ccos wt + > 5 > > sin wt (113)
(wl. +w )(m‘2 +w _) (wl +w )(w2 +.w )
w(w., +w,) 1 -, t 1 ~w.t
() = —* 1{2 ;e Tz
WA — Wy (3 +w WA +w
(wz - wl)(wlwz - wé) QZL -Awld'
+ > > > sin wt - > 5 cos wt| (114)
w(wl +w )(wZ +w) (wl + w )(w2 +w) i
wlw, + w,) 1 -w,t 1 “-w. bt W, ~w
“?Z - Wy wl(w1 +w") wz(wz +w) W W,Ww
(W, ~ W Hw,w, ~w) wz—wz
2 1'*7172 2 1 .
-5 > > 5 cos wt - > > 5 5 sin wl. (115)
w (wl + W )(wZ +w) w(wl +w )(w2 +w)

For:a suddenly applied sinusoidal velocity input of amplitude (1,

o =0 £:(t) (116)
6 (=10 (1) (117)
e'm(t) =0 f.(1) . (118)
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For a suddenly applied sinusoidal acceleration input of amplitude
A,

6 (t) = A f(t) (119)
6 (1) =Af(t) (120)
o () =Af(t) . (121)

The four functions fs(t), f6(t), f7(t), and f8(t) are presénted in
Figures 8, 9, 10, and 11, respectively. Only one set of conditions

is presented in each figure. This set of conditions is as follows.

w1=0.lv L =10.1
W, = 10.0 P=1.0
W = ";’7_ raaians per seconaq, COI'I’GSpOD.(lng To a perloa ox

four seconds for the sinusoidal input function.

Canal Response to Sinusoidal Inputs of Finite Duration

To illustrate how the functions f5(t), f6(t), f7(t), and f8(t) may be
used to obtain the canal response to more complicated forms of input

transients, consider the following possible experimént.

Assume a subject is to be subjected to a test in which he is to be
accelerated through only one complete cycle of sinuscidal accelera-

tion. The input function can then be described as,

v

e'i(t) = A g[u(t) sin wt - u(t - T) sin wt} (122)

where T is the period of oscillation, or T = o .

This describes an acceleration input of sinusoidal form impressed
at time t = 0 and continuing thereafter, plus a second sinusoidal input

of the same'amplitudé, and opposite phase impressed at the completion

-29 -



GERA-1085

L 3 M 4 IR 117 1
¥ = \_P A_ “ i AANY 1 3717 2 £ 131 ¢ 23 T
I i + 1. 1 T T T
: ; i , _ T ,_
L: 1
N = W L ” T
EEREAeRARRAER S Ehu RN R i q SEREREERRARN A : T
wain Esgnvypenis T T T i L p g WEENRS oH
Tt NIEAERLE SPEREEEREL nORBRNLENE TUN b 28 = EREREERSRER sREyNENpe
SannlageyuyAnunay . LTI i 1 LTLITOETHA &
nugRaSagRNn i i 1 AT 1
s S| 4
g g +
i ettt i
AN s T
i ERRE N
ey L Rl . LR f r . RN ., T
B | [ 13 A} o o Sl A b 1
N 1 3 Sl AT A AT YOREREY - L i w.iillx,ln
s vEQRuAERY NN ! Enk & J NpuEaS RN CLE -
~
T g 1t T it j MERENREAD S RUNE 1 » 3
T X 7 H T B o W T
e = SRy \ 5 A A} gl TR TP T TR T ST B R TIs
e LHT LRI | R i
EayRERRE NpaaR NRRr EEw T 5 RN wa T et
HHEH 4 HEN f RN SRR T Fre SN AR RSN FEu R EEEESRERES aunlw _ R Ly
I EWR axun gun T
A arEaEEpRFAnS puns 1
an SR UBE RN TERN k! L T 1 2 SRR NN BRER i
i 4 et
T i1 RN T 5 s B 168 T "
A Suely (] S AN N J 1 | 2 o o R
1 3
P TH O O T g T
[ 14 PRNE YL BRREERYN Al Ml BEgs +
Rawnens SN Ny RN e * FITTET & My gNaRyauN [ 1
I A LIy 1 L 3 R A g HHT R RN sams
EHTRHH HHiH ¥ L B A I3 o | : . L NEAN :
ERER o T4 T
T TR oT T 7 . 18 TR
T 1 SYNNRN 2Lk = REN 1 (-
SURERRERge R M AN ] A NuGS § R 4 = T BEEEEAE: i puwn A PETE
TEETdT b BRGS Rt 121 o 1 3 man NN i g 8
i 3
o N el C TR RRURRASAugARN prigal g Ry & maaw Hrr s T
111 BEREREE R ARy FNNERS paanya 1. £ T 2 SR p 1] NS g ys
suwnd e g TR T {1 o g / SyREAE T R T ] B
REEgusn ey pEaNAReuS | E I 1T aEyRpRE T e EEEpazenE g
ENERENNA S LE -1 S H- L3 IRARGAEAN HN R 51 i
Ny A T TR 0 R JaunRuna LT T Her - R MR T L N 17 : ENAN 10 & AN RERRNN pamini g R
e - 4o frinp - 4~ -1 ot~ bodo o e o4 B [+f pei-f b SRR =N B g NERE K “ +
- | of Ao ge . b 1 4~ 4 4§14 443 e . $- fodot-$od e Y i 4 £
wdunh N enndn P P L s I O 1 maNgN
C T i T L REgRERAR I e TEn BEERAY TN Bk gwn
FAr LTt 5 5 3T aagihe RN TS TR i
I
CV T T MRNE TSP RN Pl T RUR o ngw B dpn pEa N PR pERsR BRNNRE RN RN np it
3 ! ifllEs E i JepEEdee PR REEREEN T
i WENEANRREAGNUNNEREE Ny ESgRANEAN 1 0 CCE U T T T ang RANS AR Y Rumuhn
T4 T OHEIEATETT T eH N
' agen AysIRidughn) v - 3 BT f SERBERuRN pasnban o AT e T
H A1 - 3 5 ¥
- L E N 1o S g 25 o AL d RS ST 5 1 ot 0058 Sl I 15 I A
A il I -t 1 it 54 01
g MO N T g T
4 4o SNynpan L | A
LY 1 L LIt it )
= jof 4 1 SER o o .- . 1
. s _,: ] 1 it T
it gt PNy T4 f ERISERE! AN EREYR Y T t
. ] o pan PEgEs ! Ui ag B g ] 1 RupEpa s
e BUSpnAYBAN T o CITHD TS HuRLE T
A 1 99 A 19
[ N CRE T i i Al g L L PP pls &
a3= 3 5 1 WRAT BEAN ® I i I
N a4 | . 3. . {= 1ot o ot - HiE e |4 1 -3 3 j i+
1 \ L AN IO 4 1T W
g IERNuNBuR g, 1 p CLHATTTS NagNAan fuBuna y Epon
ANgEEE CHga B nays o P B T TR Hutun i 3 Brpayafe gaghe 4 TEHET 5 ¥ CLLELLE T EERBNERER IR an gezasirac
Ean -F b-44} o of x} of 4 DR IRY NEE B b1 8 e d| t LA
o f oot £o3 dal ot ~ p-ied ok
B s
] - 1
3 }
i
3 I t
TS A
inamaniliy - :
g ash Hoe
jSERaluEs i e : T f
F » I ki ! 1
T 1 1t
T ¥ : & L _ 1 1T > 7
+ i e 2y s BMER YR NP R
e T e e S ] : it gnte
bygibnesdisginpesbudffyy igaynsligakays N pnanage T gL i i EBEERS RS Ars ey Ree paadRase:

~—



GERA-1085

" ; I T oy -
H FERagaiy T 2 T it bepf RRgE i BEREE AT Baa: =aB
] angkaanpas sadebinls D E LU 1 REERRSaRSaNRpE R e R R b : Siahasa
H A g EET E + = i ek RSERE SResiRERNSRRES T BEEEsS
AR b T £ NEnsgRep ;] SN B 1] it =4 4
it R TR T - i H ERE LT AT opexagaRxARsEl
Baye ] apars T T £ T T T T - =
EubRydlnudunalanildnutn & R R I R R e e e P e B HEH
LEE d3datd EahpRdy kEgaleasys 2 114 panaeatbapEipdani=nlifns g b Wy T
% 9 t Ensabsanden it -1 I £ i3 - l B o8 L SunuRNseh +-1-- ] J-tt— 1o
anan Ran . SeagEniay Bl Laut tH T T T P H T T
KNI - A R A i s o n S e UL 00 M e I HRGEEREN; M1 - FARNEEARS RuE
. SxSRECRS EARRREES I e menRAdnus ISEsER) s fashgaanaanien ke, LR T T B e R 5 S BRakagsaan
X : o PR T hanefaimfasaisled 1 e RERgeas Aiunbadh ] banaskpl 8 i A -
1 gun g AENN A ko g 4 p o - 4 . BESpHR: I 7
I THTE LT L T guEng A ey e punts FRENERAE g fann Hegadins A R TR FrHT 25
L e i g e g SERqENERgRERS SEasgaiyd aps A
T T e e T T ST L g T T AR T T e 1T A R
T L 4] CH H i -+ b b A A T AR 1
H | SEEm E- HEE T R yagEkisan H
T TR B e e g ; e A NEERpAEE It EHzagas ]
pesanzakysapptyiiSaainatyne R H e b EE R agrga=alan: aadineatagREaiad Leideapasanaayeztngsd T =
§3]8maaR)ankadnanaulnnghas ﬁ A L L e P R Hi R AN T H EyisRaREsdes is T H
E i T : e palin HE H T THE
St | el A e e e SR i B R s S R e e R eeds i s
ERgRasEeadiAnRE Hpar NN Sen VRN wN ! o [T Pt ¥ w PR E | Susundfduy w
T ] B TTETETT . 7 o sl g T TRT e % e .
i E § FEET ML ERL L =yEEn gk e eufuln ko RaB S BASS ;ur : TR L e L R B 2
[ L R & TE ks T3 ot e £ 8 BepAEwE 4] B N T LTI T T T
SRR RRER gusas 7 1 et T ERraaR N RanassupatNas ik HHTEE D pr e R R P T o =
g3 Lt bR e e e e e e SaSEAE P onieas e i R e gt LR B R =
CT TR NNAESERRSENNY REAUD B FHEARNTIUR R T e T EEys HIFHT T
angasiegh T R AL pisEianteucaedppplidanahil indiasinnagn ipeddssn D Eagusnadqyniyndiit LT
FEFHTLE Seafinaduty ,ﬁ L1 ] F A LR RE Basbugvssdpansjen v Faaugaaass -
Easeafliugsicssss A R T T e E R R R e e b T e . H H gEnacRab dasus EalREdRERIaN = =
FH e e e N jeebaibiinanubdurbl ol adnt Wl RpoRa tan gy Rect N auaNEsinnati 42 Bynafubaasprakkdngediacas, qid 1
CE R B PR LR H A H ] i T RaEnaksutiage tEatafnn TR R H
= | ,wrw FLT T ZEE0E S I HEH R - T it
-+ 1 guEgRRNN -4y i L - - - L] - e[ F - R 5 i-f
H # go T Sunpgidadaf Shisusa i ainsontabis) doniis il sRsdianakySRhegRidnl t Fo e i
- b4 P L . ey H 5 386! O MR 1 ot tH s 44 H i SRR : ot
T T any sy T o ansvaysa. : pEn ; Kewpnunn
& HHH i H i b dutnqieaypetaibbnardnaitadastondiny netia EaugagidEan t Y HEE AT a8
g2 U R R RS T H sigEa st T T EEEnaEENaRizanan HHH H i AN
A T TE ‘ Bunnguki I N M3 T gai gaassin L 2 G R I NS g R AR -
iy 1T ] I - B T 15 T 3AT a RARpREE NRuRwan T T
B gEianas Bt guan fanupuihafuapivinutaaonigh M feacaunty dhannsUracifpunt Bheps du HL T tHEH &
Easasg mERRBEAAR Eauagais i Tl o T Epiiiask EfsEdpaciat | :
BEgEyENgNEEan SEBEESRSESasEyREE yupRgan 7 CTT : : = REREESRENONE NeRNgRERuE T T &
kSqa iy CL L R T ¥ g ARSEN N EERduadR {hunabiist AT s e T SEnanbasindnanatl Aennn
n T T an
Lo e s BN Seanips s susenEgEadadegintaniiniy p TR 0 T
HH \ Reghd - 1 .
B &k SE i e rianaRiEy N EdpRuakGanEl - ; 3
4 -1+ ot 14 41~} . e 1 17
Pt - 13707 T X
- T EESTINan
I f X = r L ! auianbe p { H
i A - b Ex ? RRARI ¥
1 T H AT o ) T ” FT
L f 1 : : ;
e ;
i | i SRRAES ] 2 : NESNEEEEieamIas
E I = T
i i 15
s r . ] 7 ;
SRS )~y 3 f¢ I8
Al
1 S48 IR 4 ; 2
HES LR : - ] RRERHRRARE :
H : ; Ay ; - THE ; s SuaayEras SapuEHENEAREN : Gentas - - T
LT LT : :
e % J
g2 g % £ 5 .
2 BH L ; Rdan
C i ! :
4 e
5} T 149§
o gEeaEam
o e x * :
t ; o
A T T
04 1 1T o
& THHTEEEY xt oEnaEs: EEEReesreeRens
R H y {4 1 snpans il - 1 + . B H
S TR LEE i gk PR N P P R R i HERE R




b

SN >E T A

o
Q
o

o/ o/ o

-1085

GERA

T esagin S HHHH S A A A T T Shpassagsan R e B T I R R R Ry
t i Biialneanklias % SEERRRE ! * hgas 5 Tk L g i R e £ paankistednkratn 1
e o FE T TR R BeENan T s al T t 5 ERERRNABUR! . - T :
; b W ,J_ g ST L B b N R e ki T it i
prr b e e e e R R e R T R : B BB o N R T e e e =
pansbasiifadpgunisiats Radedunmnnk uln“ X d - REaks T A S A e e
I P T AT BRCAREERRE H- g 5T HAH T yE= :
¥ i HHHHHH THIE A 2 aEaNaEnS TR T HE
AREN T u S HA ’fisru & - HH 1eshe iH B M NRE I REARNARREE Suonlduun
i Bt b R B o3 T H e B e e e e e RAwka HHi T a
mangapagadd e e R e T P T HH b R P A G T R R R e e
RE1N BEgEN A ] 1 i e EERIgEENR AR AR
1 AefEnatan ] u S H RN - ERgRyns
T FR TSV AEausd R udni/eaun 1117 T 1 sgbngapennafunndiyNUnahEREANENREL0 xR EnupnanD hnulRupay ARUNBTRRRE SN ! FEEE
: M - WEax upnpanfplans madgskagnatdigs adutianansRulluabnnyshustRACN A1 N TR panh i
E ¥ S H o -1 T Raaowws - mRasaRpa :
1 o h ipa A 1 ki Fidudnk iaded Exjuecgnsdgnyiad 2 : :
NagRgNt ARENLY AT R b b A b e B STERRERR.S THET L T S3R8 SR il PR T b e R mapgudun S einag en
FERE R B e e T R R A : i R e T FETEI ISR REeEa Aast :
Hit e e e A R aRRReNis Sua Rt ot dnants A E R e R H
- -hr L STHRET B e RN e e R e Al SRR RN R E RASERE S1h -
TR Faal BESERRNEES R al Ly PR TTEET A el SRR A
{{t H ; :
H T ESNNS Hi g ahE U R T T
T BRiSas g a1 SESRREAR{qatRadnins w A T =
P - . 2 X x e o 3
TH] i H ] ; ; EEcaysapatl : BE: 5
bt ] L T . i HEE R e L e e ! i i
SIP L gandEuRSuNINE i RESuEdn SRBCHRRAYARSURRYS z THE eRERRAnEN Agmyn T Eretes
T T S i g N8 X TEH AugREw 1T T T e HEnae
Haal BEuts B HM HI R e e D e T T e T M H TT
SaangEn T & : u; e L. HHTTTH ST T S SuintansanpuEuA YT
A REydutayeyt Sebantiy it g sy P R SRERRERsARNRY e T T
Y LR 5 P e i T A et P HR P T H A 30 e B AL
aiExigRagnk 5 » b LR FErerTt b il sfEaxgmin
Suunagas sanEupusan ExygansapyE H e T e e e e e saguBus B8
siphllia EERundNn Bt o e e T e I ER R e HE IR R R RAIRRERECEESS HHTH R 8
] LV 4t bty et SEgaRA: LT - 5 E 5 34 Fe e g ] re; :_;. 1] 1] -§ed
prE T R e R e T e 4 el Witk RERE it 141 FEER MR T gy A, AsenRieeb ik ik gsaal
1] nrw, 2h e BURRENERE L I : o Y i i RARERENS HAH] T T AT 1 SR SBARS B REA N o :
T L i i p B AT LT St AR |
Yo b4 - y : 5 mNN NERE ERAR y N " T P T AN N P T 5 .
t ! 5 R AR S ARRENR AR IR ECARE RESENRERRNEIRE T R Lt eaE D
R R R i e R e e e A L 11 O e e T e i e R R T
AT R L L AAARgREERARaT P H A T A BT R R T T ek
NRRHEARIidukadutiia k 1. S i g : P s e ¢
i iaNeuRane RaE <] ;w RS NE b 1 ERNERNEE N Rl FPEG o1 ELE NEE 8 ST LE R BN g g Ra ¥ b N o % 1% ,..«J.TT AT T i Sl
: HERER L T R s T e o T L e Ehasua 11 A L { i RaRMEER o R bl 5
H SRSRESENES g i LT L oAk ELp A A LHRH SAENRRIRRANNSECCUARACREeS R T R w FRESeas b aRn AR BERRARRE
B R SEy uw X. NERAS NS RN AR «;.“ pes .“1 L1132 ,.,y nEn H 3 s b ‘v” SAANEEENREREEBER NS 1”.. At L1 rnvt g M,!H! \v1:|( i e 1 &4 g B ‘.. EEgan
- Mg e Endaafaasdpnbadiap iyt chudiag sinkasanlninnfpnionsantaght o gaAiaNmRaRRanay ERES SARRREANNERE Nn T RAREEESRICRERERA LN ChuaNReutn
SOWA S0 ] 4e Lt dermbabd | 5o 2 ik S8 i b 4 2 ot goded 4 bofade 8 b A ] 1] .. . phawy = g §4: 1- 1+t Jude
ESaSuausin FEHEENT A P L T B L i5l _my“ btk A R EssbaRIRao 2k il HEH AR TR T BT uz,.w.., L‘m..
dEyexEasw e R T A ITRREREYEARABEN) T B N e ST R T T R R HE M e FREREY
ARRElndadidenddun 4 : 14 e e A deangsand 1 Be - ks 11
EEERaE - tH SR ST A T R R T 45T S T i St et et s e PR AR -
aguRRETEN Ane A HLT wEgnerhyRabenstantRatys mARNSRENRuRpngnanl §abunuan B inta M EEG ins. “ EeRardaisey H - “ T LA P R
O O R HypE ST T . " T3 1 nY B 7] AN N N ’ ] ‘ pyw SRYS EyEu T
R R PP b L HEH P TP L T TR S A R R e R R A R ARRRRRS A A O A T N ‘MMr g%
] SN TS B LT i u i ™ TS
PR e e e i : ] 3 HeT sfafaaEauEk H Hp S HH A e
: L gpaye AT T T g R B Ranuyiing 1T EEER ARy gt
CHA S FR AT g 8 A ARREnpEnEBESLIERNREN HEa Rt aunaanyE EECE L T PP ERENREat B N e R e ERLEREET
Edves Eangs E FEE L iE yidia s
giis HATH kEgAgs b 3 anBnRERhpdfuRtanpandRanEudklzlsn T L
FEHA R e FER LA FHE P e T H Epratunhatan EEaRRsachINe i
. PN e L Y4453 N fd o A _fl A o P S S O 30 00 0 0 bbb s N IR
es ESIRSRRRLeRLsTRuLY B T 7 A ey T
i gy hoa) : Eau gty T
: +_t.+~ i ik 13T i 2 .12 Wm f m: , o , *:
T i g : ORI TT ¥ R T
“_n ~_ i m T lt T B 1
ey 22 | i T 5T
T i | | il RN R I H et e SR E R e




GERA-1085

v T e T TR pusss g TH- . m: 5 T NAEPEYRENRBNRE NN T >
SanhsRapEEEe L SgpRappgudyads sagafgnakugeps TN S 1 Ea R BRERA L LEDVELE - r T I T R R
7] 8 I Hobh b oo AR 1 SEganEyaRRs AN NYuggRARgEnuNE Ry i i
Spagin s SO ST P i :
Eg 0 I B T E R BENNY R PN " va
b L SNAESEUAFREERE SEEaND T e DTy P ER R § AR 8 444 ERE NN u. ShnsusnBangny) T
b oy Apunlnuniu ungam ] SpisyEaEaEpay apd A tet kS ARE LN T 1] . : ;
RN g 2 paguay ST e o T A F- TR T wes {1
SpRuNgpOwERBERDR R RERNOPNY i HANNESEREE RN TR I 80 R O 120 I i RERN 1 3 - i NEPRANRARRORNRS any ' T
H 1 FT H 1T B ¥ Ealakehantl GENaks Bab HIHHH
| TS - AT 0 A 000 I M T
Kl panm: BumRR Mg SR ek
O NS R A SgaEn STTHTHT £l - T r
Coy H HAWRSNERRnEng S C e C3H Iy SN BNg BASSRSRRES SO NG ! 2RE | AN 1 N
T NER I T 5 T
HypuagNRund BESNMEN 4 HARRE
T T BEE | T migamw -]
FH 1
L T L Bauugngal npp RN OSSNy En L HERERp SRR SuRE
Rax REER N REEaaN AT AT e B ahgang T
P 5 ] ue R aasp I L PR R
5! YA feg CERTTEOTTE & P HF g R A T L
FLET whnRNEpy Ay ERla I L e R 3 L g 4 . L guu M
P e T BESARAREAN RN NER . L EEE COEty B
T m! Yy 3 SR IS M o T .
AnRasssEts e RNpeahadY HeE T
AT T ] 2 8 1 bl g I g A D O S O ¥

1
T

1
i
1
1
i
9 3
t
i s
+
1
T
i
F
1
i
1
+
b 9
1
i
01
1

i 2t 1”A,l} Lt & L A A4 L. 5 B X O OO L R 4
i ] ¥
CEREE S S S S S LA 111 ¢
HH T H E ¢
- FHe A
brEp ] = of BEAR

7
i3
i
¥
St
+
I

T : LR T : BT T S -

{ e doivdbddd

o)
+

4

b

Setobeid ot

bbb bbb

P
.41
Lk
(3
1
tial:
N

t
E i
I 1
H T Hiit 1 ¥ : 1 -
b i 2% At b of o oy % & T T b
dsaavssuysslgggontonspungnyunayfu: SRR RE RS g guidgns i T | i s 3




-GOODYEAR AEROSPACE

GERA-1085

of the first cycle of the first input. Thus,; these two sinusoidal

functions cancel each other exactly for all times following t = T.

The response functions to this type input can be written as,

6_(t)=a [f6(t) -1, (t - T)] (123)
6 (=4 Lf,,(t) -1t - Ti! (124)
o_(t) = A_Lfg(t) - gt - j.‘%l. (125)

Since, as indicated previously, f(t) = 0 for t<o, or f{t ~ T) = 0

for t < T, the response functions for o« t < T will be identical to

&uUDD \LUDULLUGU MV LUDALIONS €1 1ML 1 l/lll ann l I II\ WA 'T‘—/- ‘7-(

‘the response functlons will be as descrlbed by Equations (123), (124),
and (125).

The input functions for o« t < T will be,

é'i(t) = A sin wt (126)
6,(t) = A — (1 - cos ut) (127)
o (t) = A ot - -l— sin wt), (128)

and for T=< ¢,

o%(t) = 0 (129)

6.(t) = 0 (130)

0,(t) = A (131)
or, since T =<,

0 .(t) = f—)}ﬁ . (132)

r/'
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In Flgure 12 are shown the dimension less input and output functions
6.ty  6_(1)
A and A .

again wy = 0.1, w, = 10.0, and the frequency w = ﬂz—— radians/second.’

The assumed values for the canal parameters are

For the same parameters, Figure 13 presents the input and output
funetions 8 (t)/A and © (t)/A.

Input and output functions Si(t) /A andem(t) /A are shown in Figure 14,

DISCUSSION

-~ ~

A= !1()!"[("(1 VUL cAaLiieL .l.u. bllU DG\J&LULL LY L .I-u.r. VELL Ad UMM IS Y W MR s
the semmlrcular canals, they may be considered as accelerometers, velo-~
city meters, or position meters, depending on the frequency region of

interest. In particular, the range of frequency from w, to Wy where the

1
semicircular canals behave as velocity meters, seems to cover quite well

the range of frequency involved in normal body movements.

These canal characteristics can also be demonstrated by a transient

response analysis.

Assuming a step input of acceleration

'éi(t) = A (133)
with :

0.(t) = At (134)
and

o.(t)= A, ‘, (135)

the canal response in terms of endolymph displacement Be(t) relative to the

canal is, as shown by Equation (44),
J

-35-
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1 1 -, t 1 ot W, ~w
[ ——l——-——l—) (136)

ee(t) = A \ - e +— e +
W, Wy Wy W, Wy
Now, if the canal were an accelerometer with scale factor %—, its response
would be )
9.(1)
P

A
=5 - (137)

If it were a velocity meter with a scale factor %—- , its response would |
be '

6 i(1;) ) At

L L °

(138)

If it were a position meter with a scale factor of unity, its response would
be .
Ci(i) =2 el
These assumed responses are shown in Figure 15. This figure uses a
log-log pres entation in order to cover with sufficient detail a large range

of time and a large range of ordinate. The ordinate scale numbers are in
units of second squared, and must be multiplied by A to represent the
angular displacement response. Also shown in this figure is the actual

‘response function, Be(t).

"The assumed canal constants are: wy = 0.1, w
P = 20,

, = 200, ‘L = 200. 1, and

It can be séen in this figure that the actual response Be(t) is very nearly
equal to ei(t) for times from 0 to 0.01 second. In the timg interval be-
tween O.g.l(geoond and 10 seconds, the actual response Ge(t) is very nearly
equ,e}l to__1  ~
0,(t)

P ¢

and when time exceeds 10 seconds, Oe(t) is very nearly equal

to

-39~
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Thus, for the first few milliseconds, the semicircular canal responds to
the step of input acceleration as a position meter. Then, during the time
interval from approximately -—(31—— to Ul_ seconds, the semicircular canal
-response becomes that of a Vel?bcity m%ter. For longer times (in excess of
u—)—l—— seconds) the semicircular canal response é,pproximatés that of an

1
accelerometer.

Therefore, for normal body movements, a single integration process on
the semicircular canal signal is sufficient to provide a reasonably accurate
knowledge of position. However, if a long term (say, for 20 seconds or
longer) memory of position were required from semicircular canal data
(assuming visual or auditory cues were unavailable), a second integration
process would be necessary since the semicircular canal is behaving as

~an accelerometer for those longer intervals of time.

This is well demonstrated by Figure 14, where, on the basis of a single
integration process, it is seen that a fairly accurate knowledge of position
is available for the first five or six seconds. However, for longer elapsed
times following the angular input rotation, this signél gradually disappears,

leaving no recollection of rotation.

I one assumes that the knowledge of such rotation can be retained by a
subject in the absence of all cues external to the semicircular canal

signal, then a second integration process would be required.

Figure 16 shows the result of the double integration process on'the semi-
circular canal response Ge(t) with the assumption that this response
represents that of an acceleéco(%eter with scale factor 1. . The actual

P
input displacement function ; is reproduced for comparison. It can

be seen that as time progresses, the doubly integrated response function
approaches the input function assymptotically, thus providing long term
recall of the actual displacement.
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It may be of interest to consider what operations would be required on
the semicircular canal response signals in order to generate a signal
which would represent exactly any motion to which the canal is subjected.
This signal, designated by Bc(t), would be identical to the input motion
ei(t). Thus,

) c(t) =0 i(t) (140)

and
6. (s) =0.(s) . (141)

But, from Equation (4), the canal response was shown to be
2

8
6 (s) = 6 .(s) . (142)
€ sZ +Ls + P !
CCILQV-,LMVlAL:.,, Lo Sil'lif.fi:: 1‘143) o b rvn{--in‘l‘-inri‘ fhao fnllrﬂxnng 'r'nlcn;‘lnn'
must exist. 2
s  +Ls+P v
® (s) N 0 (s) (143)
or L P
BO(S) = 1 +—;—- +‘—-S*2"— Qe(S) . (144)

Since a —é-" term represents a single integration process and a --—lz- term
s
represents a double integration process, it is seen from Eguation (144)

that an accurate computed position signal 90 can be obtained by summing
the following three signals.

'1;“
a. The endolymph displacement signal Be with a multiplier
of unity
b. The single integral ofEiB with a multiplier equal to the canal

constant L

C. The double integral ofBe with a multiplier equal to the

canal constant P.
y
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Considerable experimental evidence exists indicating that no signal

such as Bc appears to be generated. However, it is conceivable that

all three of the above signals may be generated with perhaps multipliers
other than those mentioned above, and that different combinations of
such signals with perhaps the derivative ofGe may be used in the various
control and information functions using the semicircular canal as a basic

angular motion-sensing device.
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APPENDIX

The purpose of this appendix is to present some of the basic concepts in

Laplace transformation theory which have been used in the various deri-

vations presented in this report.

1.

Real Differentiation (Theorem) (Ref. 4, p 127)
df(t)
dt

and if f(t) has the Laplace transform F(s), then

If the function f(t) and its derivative are Laplace transformable,

: df(t) i ’
Laplace transform of —— =5 F(s) - f{(o ") (1A)
dt
. PO . . .
LA e S J AR LTS VALUG UL LEC LULIULIWEL VLY HM& LN VAalne 7T 1719 rocdunaoant

from positive values down to zero.

Also, dzf(t)

Laplace transform of ——— = SZF(S) - sf(o+) - f1(0+) (2A)
dt

where fl is the first derivative of f.

Py

Real Integration (Theorem) (Ref 4, p 129)

If the function f(t) is Laplace‘transformable and has the Laplace

transform F(s), its integral
t

0w = fawar= (no e dDeh (34)
¥ -0

is likewise Laplace transformable, and

CF(s) £
Laplace transform of f £(t) dt = + . (4A)
S S

Also,
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3.

. Fe f£7h Bt
Laplace transform of £ (t) = 5+ ) + (5A)
s s s

where f( ~2) is the double integral of f,

Partial Fraction Expansion (Ref 4, p 153)

Given a function of s such as

A(s) asp'+a_ Pl ias+a
F(s) = — = -2 P
' 1

1 1
Bls) s%+b %ty 4p

s+b
o

(6A)
q- 1
in which the a's and -b's are real constants, and p and q are positive
integers, then, when p< q and sy 'SZ, S31 +ve §, are all different

roots (no two roots equal) of B(s) = 0, then F(s) can be written as a

cum nf nartial frontinne aae fallame

A(s) K.. . K K K
F(s) s—— =t 42 4 sk 9 (74)
B(s) s -8 s -8, s - 8 s-—sql
where the constants Kk’ are evaluated by
(s - sk) A(s)
K, = . (8A)
: B(s) s =8



GOODYEAR AEROSPACE

. GERA-1085

4, Short Table of Laplace Transform Pairs
F(s) i(t) foro= t
i
1 -1 or u(t)
S :
»1 é e—dt
s +C
i
s2 + 2 (s +jANs =j.) ; sin 't
s S .
> 5 = : 1 cos &t
s"+8°  (s+idNs-j8)
QZ ; t



